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In this paper we consider a parity violating gravity model without higher derivatives, thus ghost
free. This model is constructed from the tetrad and its derivatives and coupled to a dynamical scalar
field, like axion. It can be reduced from the Nieh-Yan term within the framework of teleparallel
gravity. We apply this model to cosmology and investigate its consequences on cosmological per-
turbation theory. We find that the coupled dynamical scalar field lost its independent dynamics at
the linear order and the parity violating term itself behaves like a viscosity. For gravitational waves,
this model produces velocity difference between left- and right-handed polarizations, but generates
no amplitude discrepancy.
I. INTRODUCTION
Discrete symmetries, including the charge conjugation (C), parity (P), time reversal (T) and their combinations
have played important roles in discovering fundamental physical laws. Since the parity violation was discovered in
weak interactions [1], we gradually know that most of them are not exact in the nature. Whether or not these discrete
symmetries are broken in gravity is unclear to us, but recently there were lots of studies on the parity violating (PV)
gravities in the literature, stimulated by the experimental detections of gravitational waves (GWs) [2, 3] and the
developments in the cosmic microwave background radiation (CMB) experiments, aiming to find primordial GWs
originated from the early universe. If there are parity violations in gravity, the left and right polarized GWs should
have different behaviors and corresponding signals are possibly to be captured by well-designed experiments.
One well-studied PV gravity is the Chern-Simons (CS) gravity [4, 5], which extends general relativity (GR)
through introducing a gravitational CS term (in addition to the Einstein-Hilbert term) in the action: SCS ∼∫
d4x
√−gθ(x)εµνρσR αβµν Rρσαβ , here g is the determinant of the metric gµν , θ(x) is the coupling scalar field, εµνρσ is
the four dimensional Levi-Civita tensor defined in terms of the antisymmetric symbol ǫµνρσ as εµνρσ = ǫµνρσ/
√−g,
and Rρσαβ is the Riemann tensor constructed from the metric. At the linear perturbation level, the CS modification
makes a difference between the amplitudes of the left-hand and right-hand polarizations of GWs, but their velocities
remain the same. This phenomenon sometimes is called amplitude birefringence. Even though the CS term is the
leading order PV modification to GR from the viewpoint of metric theory, it contains the product of two Riemann
tensors and leads to a higher-derivative field equation, because each Riemann tensor hides a second derivative of
the metric. Higher derivative equation often implies the existence of ghost mode. This is indeed the case in the CS
gravity, as demonstrated in [6], one of polarizations of GWs becomes ghost at the region with large wave number and
causes vacuum instability.
To avoid ghost, further extensions to the CS gravity has been explored in [7] where several terms including the first
or higher derivatives of the coupling scalar field θ(x) were introduced into the action. Though each term contains
higher derivatives (of the metric or the coupling field), special combinations of them can be elaborated to prevent
the higher than second order time derivatives from appearing in the equations of motion, thus eliminating the ghost
modes. Such kind of models with more complex forms were studied recently in [8]. A common feature of this kind
of PV gravity models is that besides the amplitude birefringence, the discrepancy between the phase velocities of
GWs with different handedness (called velocity birefringence) is also produced. Some other PV gravity models from
different motivations may be found, e.g., in the references of [9]. All of them have forms much more complex than
the CS gravity.
The question we ask in this paper is whether we can find a simple and healthy PV gravities without introducing
higher derivatives. From the view of metric theory based on Riemannian geometry, no term simpler than CS can
be constructed from the Riemann and Levi-Civita tensors. However, there are other approaches to gravity theories
beyond the metric formulation. Examples which were well-studied in recent years are the teleparallel gravity (TG)
model [10] and the symmetric teleparallel gravity (STG) model [11]. Both models are equivalent to GR but formulated
in spacetime with zero curvature. In TG model, gravitation is attributed to torsion which contains up to the first
derivatives of the tetrad fields, nevertheless in STG model gravitation is due to the non-metricity which contains
only the first derivatives of the metric. These formulations provide flexible frameworks for generalizations, especially
for the purpose of constructing PV gravity models without higher derivatives. In fact, PV extensions of the theory
equivalent to GR has been studied recently within the framework of STG model [12]. In this paper, we will realize
2this idea in the framework of TG. We will propose a PV gravity model which is healthy and simple in form, and then
study its implications in cosmology.
II. GR EQUIVALENT TELEPARALLEL GRAVITY
The building blocks of TG theory are the tetrad fields eAµ, which were used to construct the spacetime metric
gµν = ηABe
A
µe
A
ν with ηAB = diag{+1,−1,−1,−1} being the metric of local (Minkowskian) space. From now on,
we will use the unit 8πG = 1/M2p = 1, and A,B,C, ... = 0, 1, 2, 3 and a, b, c, ... = 1, 2, 3 to denote the tetrad indices.
The spacetime tensor indices are represented by µ, ν, ρ, ... = 0, 1, 2, 3 and i, j, k, ... = 1, 2, 3. The tetrad indices will be
lowered and risen by ηAB and η
AB, and the spacetime indices by the metric gµν and its inverse. TG theory starts
from a flat spacetime where the curvature two form constructing from the spin connection vanishes:
RˆABµν = ∂µω
A
Bν + ω
A
Cµω
C
Bν − {µ↔ ν} = 0 , (1)
so does the Riemann tensor from the spacetime connection:
Rˆρσµν = e
ρ
A e
B
σRˆ
A
Bµν = ∂µΓˆ
ρ
νσ + Γˆ
ρ
µαΓˆ
α
νσ − {µ↔ ν} = 0 . (2)
This put a constraint on the spin connection so that it generally has the form ωABν = −(Λ−1)AC∂νΛCB with ΛCB being
the matrix elements of Lorentz transformation, considering as functions of spacetime. In addition, the metricity
demands that ωABν = −ωBAν. The gravity is identified with the torsion
T ρµν = Γˆρµν − Γˆρνµ . (3)
The GR equivalent TG theory has the action
Sg = −1
2
∫
d4x eT =
∫
d4x e(
1
2
TµT µ − 1
8
TαβµT αβµ − 1
4
TαβµT βαµ) , (4)
where e =
√−g is the determinant of the tetrad eAµ, T is the torsion scalar, and Tµ = T αµα is the torsion vector. This
action is identical to the Einstein-Hilbert one up to a surface term
Sg =
∫
d4x
√−g[ 1
2
R(e) +∇µT µ] , (5)
the curvature scalar R(e) and the covariant derivative ∇µ are associated with the Levi-Civita connection, i.e., the
Christoffel symbol. Giving up the surface term, the equivalent action (5) is fully constructed from the tetrad and
its derivatives, the spin connection pure gauge in the TG action (4). Due to this fact, the Weitzenbo¨ck connection,
ωABν = 0, was usually taken in the literature. With this gauge choice, the original spacetime connection is simply,
Γˆρµν = e
ρ
A ∂µe
A
ν , (6)
so that the torsion and the torsion two form have the following forms:
T ρµν = e ρA (∂µeAν − ∂νeAµ) , T Aµν = eAρT ρµν = ∂µeAν − ∂νeAµ . (7)
The most-studied generalizations of TG theory are the so-called f(T) models, see the recent review Ref. [13] and
references therein. In these generalizations, the torsion scalar in the action (4) is replaced by its arbitrary function.
III. PARITY VIOLATING EXTENSION FROM THE VIEW POINT OF TG
In this paper we propose a PV gravity model by introducing additional PV terms into the GR equivalent TG action
(4). In terms of the torsion language, it is natural to consider the scalar field coupled Nieh-Yan term [14],
SNY =
∫
d4x e
cθ
4
(TAµν T˜ Aµν − εµνρσRˆµνρσ) , (8)
where c is the coupling constant and T˜ Aµν = (1/2)εµνρσT Aρσ is the dual of the torsion two form T Aµν . If θ is a
constant, the Nieh-Yan action is just a surface term and will have no effect. With position dependent θ, this action
3breaks the parity symmetry of the gravitational field if θ has a non-vanishing background1. With teleparallelism, the
second term in the Nieh-Yan action drops out. In addition, we will take the Weitzenbo¨ck connection, as usually done
in studies of f(T) models. With these considerations, the Nieh-Yan action reduces to
SNY =
∫
d4x
√−g cθ
4
TAµν T˜ Aµν =
∫
d4x
√−g cθ
8
ηABε
µνρσ(∂µe
A
ν − ∂νeAµ)(∂ρeBσ − ∂σeBρ) . (9)
We also take into account the kinetic and potential terms of the scalar field and the action of other matter which
coupled minimally through the metric (or the tetrad). The full action in its equivalent form is
S = Sg + SNY + Sθ + Sm =
∫
d4x
√
g[
R
2
+
cθ
4
TAµν T˜ Aµν + 1
2
∇µθ∇µθ − V (θ)] + Sm , (10)
with T Aµν is given by Eq. (7). The gravitational field equation follows from the variational principle while treating
eAµ as basic variable,
(Gµν − T µν − T µνθ )eAν + c∂νθT˜ Aµν = 0 , (11)
where Gµν is the Einstein tensor, T µν = −(2/√−g)(δSm/δgµν) and T µνθ = [V (θ) − ∇αθ∇αθ/2]gµν + ∇µθ∇νθ are
the energy-momentum tensors for the matter and the scalar field respectively. Because the tetrad field eAν is not
degenerate, we may multiply its inverse to above equation and the equation of motion can be rewritten as,
Gµν +Nµν = T µν + T µνθ , (12)
where the defined tensor Nµν = ce νA ∂ρθT˜ Aµρ should be symmetric under the permutation of the spacetime indices,
i.e.,
Nµν = Nνµ , (13)
to keep consistency with the Einstein and energy-momentum tensors in the same equation. As we will show later,
this requirement put strong constraints on the coupled system. In addition, the Bianchi identity and the covariant
conservation law, ∇µT µν = 0, demand that ∇µNµν = ∇µT µνθ . This brings no further constraint, in stead it is
consistent with the Klein-Gordon equation of the scalar field,
✷θ + Vθ − c
4
TAµν T˜ Aµν = 0 , (14)
here and in the following we will use Vθ and Vθθ to denote the first and second derivatives of the potential to the
scalar field.
We would like to comment here why we should treat θ as a dynamical field by including its kinetic and potential
terms in the action. If θ is just a non-dynamical parameter (but neither a constant nor a Lagrange multiplier), it
would be constrained to be divergenceless, i.e., ∇µNµν = 0. This is a real constraint in this case. To satisfy it and
the constraint from the permutation symmetry (13), one will find that only few solutions, e.g., the Schwarzschild
solution and the spatially flat Friedmann-Robertson-Walker (FRW) solution, are allowed by the gravitational field
equation. Some solutions common in GR, like Kerr and spatially curved FRW, are not allowed. This is very similar
to the case of non-dynamical CS gravity [4, 5]. If θ is a dynamical field, this will not happen. For instance, Kerr
solution can be satisfied with some configurations of θ. As mentioned above, in this case, the Bianchi identity brings
no further constraint and the Nieh-Yan action just describes a non-minimal coupling between the scalar field and the
gravitational field. Theoretically, the θ field can be thought as axion-like, because the Nieh-Yan action is invariant
under the shift θ → θ + θ0 with θ0 being a constant.
IV. APPLICATION TO COSMOLOGY
Now we apply our PV gravity model (10) to cosmology. First we consider the background: a spatially flat FRW
universe, where the tetrad fields are parametrized as eAµ = a(η)δ
A
µ so that the line element for the spacetime is
1 Generally CP and CPT symmetries are also violated. CP violation is due to the charge blind feature of gravity. CPT is violated due
to T conservation in a static background or T breaking in an evolving background, in the latter case T violation in general cannot
compensate CP violation.
4ds2 = a2(dη2 − δijdxidxj). Here a(η) is the scale factor of the universe and η is the conformal time. The equations
are the same as those of GR with minimally coupled θ field and matter
3H2 = a2(ρθ + ρ) , 2H′ +H2 = −a2(pθ + p) , θ′′ + 2Hθ′ + a2Vθ = 0 , (15)
where prime represents the derivative with the conformal time, H = a′/a = aH is the conformal Hubble rate,
ρθ = θ
′2/(2a2) + V and pθ = θ
′2/(2a2)− V are the energy density and pressure of the θ field, and ρ and p denote the
energy density and pressure of other matter. All of them only depends on time. This means the Nieh-Yan coupling
has no effect in the spatially flat FRW universe, consistent with what we have commented above on the solutions of
the model with non-dynamical θ parameter.
To explore the modifications brought by this model, we turn to the linear perturbation theory. We use the
parametrization for the tetrad fields proposed in Refs. [15, 16]:
e00 = a(1 +A) , e
0
i = a(∂iβ + β
V
i ) , e
a
0 = aδai(∂iγ + γ
V
i ) ,
eai = aδaj [(1 − ψ)δij + ∂j∂iα+ ∂iαVj + ǫijk(∂kλ+ λVk ) +
1
2
hTij ] , (16)
so that the perturbed metric components have the following forms:
g00 = a
2(1 + 2A) , g0i = −a2(∂i(γ − β) + γVi − βVi ) ,
gij = −a2[(1− 2ψ)δij + 2∂i∂jα+ ∂iαVj + ∂jαVi + hTij ] . (17)
Besides the scalar perturbations: A, γ − β, ψ, α, vector perturbations: γVi − βVi , αVi , and tensor perturbation: hTij
in the metric, the parametrization of tetrad brings extra scalar perturbation λ and vector perturbation λVi . All the
vector perturbations are transverse and denoted by superscript V , all the tensor perturbations are transverse and
traceless and denoted by superscript T . The θ field is decomposed as θ(η, ~x) = θ(η) + δθ. Other matter, considered
as fluid, has the following energy-momentum tensor up to the linear order:
T 00 = ρ+ δρ , T
0
i = (ρ+ p)(∂iv + v
V
i )
T ij = −(p+ δp)δij +Σij . (18)
The velocity perturbation contains scalar and vector perturbations. The anisotropic stress Σij = ∂i∂jσ− (13∇2σ)δij +
∂(iσ
V
j) + σ
T
ij is transverse and traceless, it can also be generally decomposed into the scalar, vector and tensor pertur-
bations.
Linear perturbation equations are obtained by substituting above parametrizations to Eqs. (12) and (13). We will
transform to the Fourier space, so each ∂i is replaced by iki. First, the equation (13) gives the constraint
θ′ψ +Hδθ = 0 , (19)
on scalar perturbations, and
βVi = λ
V
i = 0 , (20)
on vector perturbations. It puts no further constraint on tensor perturbations. These constraints are gauge-invariant.
The constraint on vector perturbations brings no important modification. But the result (19) on scalar perturbations
is surprising, it means the curvature perturbation of the hypersurface with homogeneous θ, denoted by −ψ−Hδθ/θ′,
vanishes identically. At the beginning, the θ field was introduced as an independent dynamical field. But here we see
that when it couples to the tetrad field through the Nieh-Yan term, it cannot fluctuate independently, at least at the
linear order. Whether this dynamical degree of freedom is excited at higher orders deserves further studies.
Then, we turn to the perturbative gravitational field equation from Eq. (12). As shown there, it is the tensor Nµν
that describes the deviations from Einstein field equations of GR. It has only the following non-zero components at
the linear level:
N ij =
cθ′
a2
(∂i∂jλ−∇2λδij) + cθ
′
2a2
ǫikl∂kh
T
jl . (21)
These components do not contain any vector perturbation. So we can expect that the equations for vector perturba-
tions from Eq. (12) are not changed, and we will neglect vector perturbations at the rest of this paper. We can also
expect that the model modify the scalar perturbation equations through the variable λ, which is a tetrad perturbation,
5but not present in the metric. It was named as pseudo scalar perturbation in Refs. [15, 16]. The full set of scalar
perturbation equations from Eq. (12) in the conformal Newtonian gauge γ − β = 0, α = 0 are listed below:
2k2ψ + 6H(ψ′ +HA) = −(θ′δθ′ − θ′2A+ a2Vθδθ)− a2δρ
2ψ′ + 2HA = θ′δθ + a2(ρ+ p)v
2ψ′′ + 2H(A′ + 2ψ′) + (2H2 + 4H′)A = (θ′δθ′ − θ′2A− a2Vθδθ) + a2(δp+ 2
3
k2σ)
ψ −A = cθ′λ− a2σ . (22)
The modification brought by the Nieh-Yan coupling appeared in the last equation. It shows that λ behaves as a
viscosity, imprints the imperfect fluid nature and makes a difference between ψ and A. To calculate this viscosity, we
need also to take into account the constraint (19) and the perturbed Kein-Gordon equation
δθ′′ + 2Hδθ′ + k2δθ + a2Vθθδθ − θ′(A′ + 3ψ′) + 2a2VθA = −2cHk2λ . (23)
The equation for tensor perturbations from Eq. (12) is
hTij
′′
+ 2HhTij
′
+ k2hTij + cθ
′(ikl)ǫlk(ih
T
j)k = −2a2σTik , (24)
the last term at the left hand side indicates parity symmetry breaking. This is more obvious if we turn to expanding
the tensor perturbations in the circular polarization bases eˆLij , eˆ
R
ij ,
hTij = h
LeˆLij + h
ReˆRij
σTij = σ
LeˆLij + σ
ReˆRij .
The bases satisfy the relation: nlǫlikeˆ
A
jk = iλAeˆ
A
ij , here A = L,R and λL = −1, λR = 1, ~n is the unit vector of ~k. So
the equation (24) can be rewritten as
hA
′′
+ 2HhA′ + (k2 + cλAθ′k)hA = −2a2σA . (25)
Without the source this equation shows that left- and right-handed polarized GWs propagate with different velocities.
From Eq. (25), we can read out that the dispersion relation is ω2A = k
2 + λAcθ
′k. Consider small coupling and slow
evolution of θ, one can find that GWs with different helicities will have different phase velocities: vAp = ωA/k ≃
1+λAcθ
′/(2k), and same group velocity vg = d
2ωA/dk
2 ≃ 1− c2θ′2/(4k2). This is the so-called velocity birefringence
phenomenon of GWs, very similar to the cosmic birefringence induced by electromagnetic Chern-Simons coupling
[17–20]. This is an infrared effect, because the phase velocity difference or the deviation of the group velocity from the
speed of light in vacuum become important only at low frequencies (large scales). The amplitudes for both helicities
are the same, this is contrary to the CS gravity. Another difference from CS gravity is that in this model there is no
higher derivative in the equation of motion for tensor perturbations. We note that same effect can be obtained in the
PV gravity model from STG theory [12].
V. QUADRATIC ACTIONS FOR SCALAR AND TENSOR PERTURBATIONS
When applying this PV gravity to the early universe, such as the inflationary epoch, we should care about the
problem of quantum originated primordial perturbations. For this purpose, we need quadratic actions for the scalar
and tensor perturbations. Because the curvature perturbation corresponding to θ vanishes, see Eq. (19), it cannot be
used to generate the density perturbation. We simply consider the model in Eq. (10) where the matter (described by
Sm) is just another minimally coupled scalar field, i.e., S = Sg + SNY + Sθ + Sφ with
Sφ =
∫
d4x
√−g[ 1
2
∇µφ∇µφ− U(φ)] . (26)
The curvature perturbation of hypersurfaces with homogeneous φ field is ζ = −(ψ + Hδφ/φ′). It is vey convenient
to choose the unitary gauge where δφ = 0 , α = 0, so that ζ = −ψ. After some tedious calculations, the quadratic
6action for scalar perturbations is
S(2) =
∫
d4xa2
{
−
[
2Aζ,ii − ζ,iζ,i + 3H2(6ζ2 +A2)
+ 2H(9ζζ′ − 3ζ′A+A(γ − β),ii) + 3ζ′2 − 2ζ′(γ − β),ii + (H′ −H2)A2 + 9H′ζ2
]
+
[
1
2
δθ′2 − 1
2
δθ,iδθ,i − 1
2
a2V¯ (2)δθ2 + θ′(A′ − 3ζ′)δθ − 2a2V¯ (1)Aδθ + θ′δθ(γ − β),ii
]
+ 2c(Hδθ − θ′ζ)λ,ii
}
. (27)
The variables λ, γ−β and A are not dynamical fields, they behave as Lagrange multipliers, thus induce the following
three constraints:
Hδθ − θ′ζ = 0 (28)
2HA− 2ζ′ − θ′δθ = 0 (29)
2H(γ − β),ii + 2(H′ −H2)A− 6Hζ′ + 6H2A+ 2ζ,ii + (θ′δθ′ + Vθδθ) = 0 , (30)
The first equation show again that δθ is not an independent perturbation. Substituting these constraints back into
the action (27), we get the final form of the quadratic action for scalar perturbations:
S(2) =
∫
d4x z2
(
1
2
ζ′2 − 1
2
ζ,iζ,i − 1
2
m¯2ζ2
)
(31)
where z2 = a2
φ′2
H2 , m¯
2 = −H−2[(2H2 +H′)θ′2 + (θ′/φ′)H(θ′Uφ + φ′Vθ)]. Again, this quadratic action showed clearly
that there is only one scalar degree of freedom, even though we introduced two scalar fields at the beginning.
It is straightforwardly to obtain the quadratic action for the tensor perturbations
S =
∫
d4x
a2
8
(
hTij
′
hTij
′ − ∂khTij∂khTij − cθ′ǫijkhTil∂jhTkl
)
. (32)
After expanding the tensor perturbation in Fourier space by circular polarization bases
hTij(t, ~x) =
∑
A=L,R
∫
d3k
(2π)3/2
hA(t,~k) eˆAij(
~k) ei
~k·~x , (33)
the quadratic action can be rewritten as
S =
∑
A=L,R
∫
dηd3k
a2
8
[
hA∗
′
hA
′ − (k2 + cθ′λAk)hA∗hA
]
. (34)
These quadratic actions showed clearly that there is no ghost instability in this model, contrary to the CS gravity.
Again, it only produces velocity birefringence in stead of amplitude birefringence phenomenon of GWs.
VI. CONSLUSIONS
We showed in this paper that a simple and healthy parity violating gravity can be obtained. This is a small
extension of general relativity. The parity violating term is introduced from the view point of teleparallel gravity in
terms of the tetrad and torsion language, and can be considered as reduced from the Nieh-Yan term coupling with a
dynamical scalar field. We also applied this model to cosmology and found that the coupled scalar field does not have
independent dynamics at the linear perturbation level, though it is indeed dynamical at the background. The tensor
perturbation is ghost free and presents the velocity birefringence phenomenon, no amplitude birefringence produced
in this model. In the future, we will study the primordial perturbations generated within this framework in terms
of some specific scalar field models. In addition, the question why the coupled scalar field cannot have independent
dynamics deserves further studies.
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